A standard use of shadowing lemmas in dynamical systems theory is to prove density of periodic points. When there is symmetry present it is natural to investigate the density of periodic points of a given symmetry. We obtain several results in this direction. As an application, we prove a result about compact group extensions of hyperbolic and nonuniformly hyperbolic dynamical systems.
Introduction
Suppose that A is a topologically transitive set for a discrete dynamical system f : R n ! R n . If A possesses a (strong) shadowing property, then it is well known (see for example Shub 20] or Pollicott 19] ) that periodic points z Supported in part by NSF Grant DMS-9403624, by ONR Grant N00014-94-1-0317 and by the CNRS are dense in A. Suitable versions of the shadowing lemma hold for hyperbolic sets 1, 20] and more generally for nonuniformly hyperbolic sets 10, 19] .
When there is symmetry present, we can ask whether periodic orbits with a given amount of symmetry are dense. More precisely, suppose that ? is a nite group acting on R n and that f : R n ! R n is a ?-equivariant homeomorphism with A R n a topologically transitive set. Following 6, 14] we de ne the symmetry group of A to be the subgroup A = f 2 ?; A = Ag:
Thus elements of A x A as a set. We say that A is -symmetric if A = and A contains at least one point of trivial isotropy. (It follows that the points in R n with trivial isotropy form an open dense subset 2] and hence that the set of points in A with trivial isotropy is open and dense in A.)
If a periodic orbit is -symmetric, then it is easily shown that is a cyclic subgroup of ? (see, for example, 14, Corollary 4.4]). From now on we assume (without loss of generality) that A is ?-symmetric. We are interested in determining those cyclic subgroups ? for which -symmetric periodic orbits are dense in A.
In Section 2, we review the de nition(s) of shadowing. We prove that if A is a topologically transitive set satisfying the (strong) shadowing property then periodic orbits with maximal cyclic symmetry are dense. For example, if A is Z k -symmetric, we deduce that Z k -symmetric periodic orbits are dense in A. However we cannot, in this generality, make a statement about periodic orbits in A that have less (or no) symmetry. In Section 3, we show that if in addition A is topologically mixing then -symmetric periodic orbits are indeed dense in A for all cyclic subgroups ?. In Section 4, we make the nontrivial extension to sets that are topologically mixing up to a cycle. In particular, our results are valid for topologically transitive sets that are hyperbolic 1, 20] or nonuniformly hyperbolic 18]. Our results generalize to the case when there are continuous symmetries present, see Section 5.
An important consequence of our work is that we obtain su cient conditions for density of asymmetric periodic orbits (that is, periodic orbits with no symmetry). This is of signi cance for problems involving compact group extensions. We discuss these issues in Section 6. provided we insist that A has a local product structure. This is a consequence of Smale's spectral decomposition theorem 20, 21] which states that a hyperbolic set with local product structure is a disjoint union of nitely many transitive sets each of which is topologically mixing up to a cycle. The corresponding result for nonuniformly hyperbolic sets is due to Pesin 18] (there may now be a countable in nity of transitive sets in the decomposition).
A consequence of the spectral decomposition theorems is that all of the results stated in this paper are valid more generally for (nonuniformly) hyperbolic sets with local product structure Proof Let ? be a maximal cyclic subgroup. Since points of trivial isotropy are dense in A, it is su cient to prove that periodic orbits P with P = are dense in A. Choose to be a generator of and let U be a nonempty open subset of A. We show that there is a point x 2 U such that f q (x) = x for some integer q. Then x is a periodic point and 2 P where P is the corresponding periodic orbit. It follows that P . Since P is cyclic and is maximal, we have P = .
It remains to construct the periodic point x. Choose z 2 U and let ; > 0 be such that every -pseudoorbit has a unique -tracing point and such that B + (z) 2 U. Let Corollary 2.7 Let f : R n ! R n be a ?-equivariant di eomorphism. Suppose that A is a ?-symmetric (nonuniformly) hyperbolic topologically transitive set and that is a maximal cyclic subgroup of ?. Then -symmetric periodic orbits are dense in A.
We improve substantially upon this result in later sections.
Remark 2.8 As pointed out to us by the referee, the`standard' notion of shadowing does not require that the tracing point lies in A and, in general, even tracing points that are periodic need not lie in A. Indeed, there are are examples such as the Feigenbaum limit set which satisfy the`standard' shadowing property but nonuniform hyperbolicity fails and A contains no periodic points. In this case, A is contained in the closure of the periodic points.
We emphasize that the results in this paper are valid only when the strong shadowing property is satis ed (that is, periodic tracing points lie in A) and that this property is only known to be valid under the assumption of hyperbolicity or nonuniformly hyperbolicity. However, many of our results, in particular, Lemma 2.5, Theorem 3.2 and Theorem 4.3, have an obvious generalization to the case when the`standard' shadowing property is in force. For example, the conclusion of Lemma 2.5 becomes:`If is a maximal cyclic subgroup of ?, then A is contained in the closure of the -symmetric periodic points'.
In the remainder of this paper, we shall suppress the adjectives strong/standard'. All of our results are valid in the strong case and the results in Sections 3 and 4 are valid in the standard case with the slightly weakened conclusion described in the previous paragraph. However, the results in Section 5 depend crucially on the density of periodic orbits in A and hence are valid solely in the strong case. f q (V ) \ V 6 = ; for all0 . Choose0 so that q > j?j is prime. As in the proof of Lemma 2.5 we have the existence of a periodic point x 2 U such that the corresponding periodic orbit P satis es P . Moreover f qj j (x) = x. In particular, (i) j j divides j P j, and (ii) j P j divides qj j. Since q is prime and j P j < q it follows from (ii) that j P j divides j j. We deduce from (i) that j P j = j j and so P = as required.
We say that a periodic orbit P is asymmetric if P = 1. . This property holds also for nonuniformly hyperbolic transitive sets, see Pesin 18] . As mentioned in Remark 2.4, these notions generalize via the spectral decomposition to (nonuniformly) hyperbolic sets with local product structure. Set`= r=k and let a 1 > a 2 > > a s 2 be the distinct primes appearing in the prime factorization of`. We shall prove the following result. It follows from (a) that x is a periodic point and that P where P is the corresponding periodic orbit. Moreover, the prime period of P is given by jPj = b`j j. Let Corollary 4.5 Suppose that f : R n ! R n is a ?-equivariant di eomorphism.
If A is a ?-symmetric (nonuniformly) hyperbolic topologically transitive set and A is not a periodic orbit, then -symmetric periodic orbits are dense in A for all cyclic subgroups ?.
Continuous symmetry groups
Suppose now that ? O(n) is a compact Lie group acting on R n . Our results for ? nite in the previous sections extend to the case ? compact in a reasonably obvious way. Let ? 0 denote the connected component of ? that contains the identity.
We have the quotient H = ?=? 0 and the canonical projection : ? ! H.
Factoring out the action of ? 0 we obtain the orbit space X = R n =? 0 . Observe that H acts on X and that a ?-equivariant homeomorphism f : R n ! R n projects down to an H-equivariant homeomorphismf : X ! X.
Recall that an !-limit set P R n is a relative periodic orbit if the projection e P X is a periodic orbit forf. Equivalently, P is contained in the union of nitely many ?-orbits in R n . Now suppose that A R n is an invariant set for f and let e A denote the corresponding invariant set forf. We say that A has the relative shadowing property if e A has the shadowing property. Similarly, A is relatively topologically mixing (up to a cycle) if e A is topologically mixing (up to a cycle). We have the following result.
Proposition 5.1 Suppose that A contains some points of trivial isotropy and satis es the relative shadowing property.
(a) If A is topologically transitive and K is a maximal cyclic subgroup of ( A ), then relative periodic orbits P with ( P ) = K are dense in A. (b) If A is relatively topologically mixing up to a cycle and A is not a relative periodic orbit, then relative periodic orbits P with ( P ) = K are dense in A for each cyclic subgroup K of ( A ).
Proof Passing to the orbit space, we have a ( A )-symmetric topologically transitive set satisfying the shadowing property (and topologically mixing up to a cycle in part (b)). Now apply Lemma 2.5 and Theorem 4.3. We end this section by indicating the validity of the hypotheses in Proposition 5.1 under suitable hyperbolicity hypotheses. Recall that a set A is ?-hyperbolic if it is`hyperbolic transverse to the continuous group action'.
In other words, at each point x 2 A, there is a uniform splitting of R n into directions that are stable, unstable and tangent to the group orbit ? x. The de nition of ?-nonuniform hyperbolicity is also the obvious one.
It seems plausible that ?-(nonuniformly) hyperbolic transitive sets possess the relative shadowing property and are relatively topologically mixing up to a cycle. This is certainly the case if the set consists of points of trivial isotropy. More generally, we say that a point x 2 R n has discrete isotropy if
x \ ? 0 = 1. Proposition 5.2 Suppose that f : R n ! R n is a ?-equivariant di eomorphism and that A is a ?-(nonuniformly) hyperbolic topologically transitive set consisting entirely of points of discrete isotropy. Then A has the relative shadowing property and is relatively topologically mixing up to a cycle.
Proof Let In this section, we are concerned with lifting transitivity. Let f : R n ! R n be a smooth map commuting with the action of a compact Lie group ? O(n). Suppose that A is a topologically transitive set for f. Our aim is to prove that generically ? 0 A under reasonable hypotheses on the dynamics in A. Genericity is with respect to smooth perturbations along the continuous group orbits, the dynamics at the orbit space level being preserved.
The case when ? is abelian is completely understood | it is shown in 15] that both generically and prevalently, ? 0 A regardless of the underlying dynamics. The situation is much less clear when ? is not abelian though there are some partial results when ? 0 is abelian 15]. One problem is that it is necessary to exclude certain regular dynamics. Recently, there has been progress when A is assumed to be hyperbolic 8, 17] . The aim of this section is to point out a very simple approach when ? 0 is abelian and A is hyperbolic or even nonuniformly hyperbolic. The main strength of the results of 8, 17] lies in the case when ? is compact and ? 0 is nonabelian.
The idea behind our approach, following 13], is that provided certain relative periodic orbits P are dense in A, generically A contains a maximal torus in ? 0 . The previous sections were concerned precisely with deriving such a density condition.
First, we recall some results of Krupa 11] and Field 7] . Suppose that P is a relative periodic orbit consisting of points of trivial isotropy. Then P is an abelian subgroup of ? of the form P = T p Z q . Moreover, generically p (but not q) is maximal with respect to containment. In more sophisticated language, P is topologically cyclic and is generically a Cartan subgroup 5].
It is not always the case that generically p = dim ? even when ? 0 is abelian. (For example, if ? = O(2) and P contains a re ection, then P must be isomorphic to Z 2 .) However, provided ( P ) = 1 it is generically the case that P is a maximal torus in ? 0 . Of course, the condition that ( P ) = 1 is equivalent to asking that the corresponding periodic orbit e P X is asymmetric. Hence we deduce the following. Corollary 6.2 Suppose that ? O(n) is a compact Lie group acting on R n with ? 0 abelian and that f : R n ! R n is a ?-equivariant di eomorphism.
Let A be a ?-(nonuniformly) hyperbolic topologically transitive set, but not a relative periodic orbit, consisting entirely of points of discrete isotropy and containing some points of trivial isotropy. Then generically, ? 0 A .
